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Ìàòåìàòè÷åñêèé ìèíèìóì

1. Íàéäèòå àñèìïòîòèêó ïîëèíîìîâ Ëåæàíäðà:

Pl (x) =
1

2π

∫ 2π

0

(
x+
√
x2 − 1 cos t

)l
dt

äëÿ x > 1 ïðè l→∞.

2. Íàéäèòå ãëàâíûé ÷ëåí àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ôóíêöèè Ýé-
ðè:

Ai (x) =
1

2π

∫ ∞
−∞

ei(xt+t
3/3)dt

ïðè x→∞ è ïðè x→ −∞.

3. Íàéäèòå ïåðâûå äâà ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ôóíêöèè
Áåññåëÿ Jν (z):

Jν (z) =
1

2πi

∫
C

e
z
2
(t−1/t) dt

tν+1
,

ïðè z →∞ (C - êîíòóð Ãàíêåëÿ).

4. Îïðåäåëèòå àñèìïòîòè÷åñêîå ïîâåäåíèå èíòåãðàëà:

I (λ) =

∫ 1

−1

eiλ(z
3+3z)

√
1− z2

dz

ïðè λ→∞.

5. Ðàññìîòðèòå äèôôåðåíöèàëüíîå óðàâíåíèå:

xu′′ (x)− xu′ (x)− u (x) = 0.

Ïðåäïîëàãàÿ, ÷òî x > 0, ïîñòðîéòå ïîñòðîéòå äâà ëèíåéíî íåçà-
âèñèìûõ ðåøåíèÿ ýòîãî óðàâíåíèÿ â âèäå êîíòóðíûõ èíòåãðàëîâ.
Íàéäèòå èõ àñèìïòîòèêè ïðè x→∞. Ïîñòðîéòå åãî ÷àñòíîå ðåøå-
íèå, óäîâëåòâîðÿþùåå óñëîâèþ u (∞) <∞, u (0) = 1.

6. Ðàññìîòðèòå äèôôåðåíöèàëüíûå óðàâíåíèÿ íèæå. Âîñïîëüçîâàâ-
øèñü ìåòîäîì Ëàïëàñà, ïîñòðîéòå îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ
(ðàññìîòðèòå x > 0 äëÿ îïðåäåë¼ííîñòè). Óêàæèòå êîíòóðû, äàþ-
ùèå ëèíåéíî íåçàâèñèìûå ðåøåíèÿ. Âû÷èñëèòå àñèìïîòèêè ïðåä-
ëàãàåìûõ ðåøåíèé ïðè x� 1 è x� 1.
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(a)
xu′′ (x)− xu′ (x)− βu (x) = 0, 0 < β < 1

(b)
xu′′(x) + u′(x) + xu(x) = 0
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