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Çàäàíèå 5: Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå

1. Ðàññìîòðèòå óðàâíåíèå Ýéðè

y′′ − xy = 0. (1)

• Âûïèøèòå äâà êâàçèêëàññè÷åñêèõ ðåøåíèÿ w1,2 (x) óðàâíåíèÿ
(1), äëÿ |x| → ∞.

• Â êîìïëåêñíîé ïëîñêîñòè ïåðåìåííîé x, èçîáðàçèòå ëèíèè Ñòîê-
ñà (ãäå w1,2 (x) ðàñòóò èëè çàòóõàþò áåç îñöèëëÿöèé ïðè |x| →
∞) è ëèíèè àíòè-Ñòîêñà (ãäå w1,2 (x) - ÷èñòî îñöèëëèðóþùèå).

• Ïðîâåðüòå, ÷òî ðåøåíèå óðàâíåíèÿ (1) ìîæåò áûòü çàïèñàíî â
âèäå:

Ai (x) =
1

2πi

∫
γ

dzexz−
z3

3 . (2)

Êàê ñëåäóåò âûáðàòü êîíòóð γ, ÷òîáû ïîëó÷èòü ðåøåíèå, çà-
òóõàþùåå ïðè x → ∞? Èçîáðàçèíå ïåðåâàëüíûé êîíòóð äëÿ
èíòåãðàëà â (2) ïðè |x| → ∞. Îáðàòèòå âíèìàíèå, ÷òî ýòîò
êîíòóð çàâèñèò îò arg x, îïèøèòå âñå âîçìîæíûå ñëó÷àè.

• Îáùåå ðåøåíèå óðàâíåíèÿ (1) ìîæåò áûòü çàïèñàíî â âèäå

y (x) = b1 (x)w1 (x) + b2 (x)w2 (x) ,

ãäå ôóíêöèè b1,2 (x) ñòðåìÿòñÿ ê îïðåäåëåííûì ïðåäåëüíûì
çíà÷åíèÿì ïðè |x| → ∞. Íàéäèòå ýòè çíà÷åíèÿ äëÿ ÷àñòíîãî
ðåøåíèÿ y (x) = Ai(x). Îáðàòèòå âíèìàíèå, ÷òî îíè çàâèñÿò îò
arg x, îïèøèòå âñå âîçìîæíûå ñëó÷àè.

2. Ðàññìîòðèòå íàäáàðüåðíîå äâèæåíèå êóñî÷íûì îáðàçîì (ñì. ðèñó-
íîê íèæå). Ñøèâàÿ âîëíîâóþ ôóíêöèþ íà ãðàíèöàõ ñòóïåíåê è
ïðåíåáðåãàÿ îòðàæåíèÿìè, ïîêàæèòå, ÷òî

ψ (x) ≈
(

p1
p (x)

)1/2

exp

(
i
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∫ x

0

p (x′) dx′
)
.
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3. Îïðåäåëèòå êâàçèêëàññè÷åñêèå óðîâíè ýíåðãèè â ïîòåíöèàëå:

U (x) =
h̄2

ma2
(x/a)2n .

4. Áåññïèíîâûå íåâçàèìîäåéñòâóþùèå ôåðìèîíû íàõîäÿòñÿ â ïîòåí-
öèàëüíîé ÿìå:

U (x) =

{
∞, x < 0
αx, x > 0

.

Îïðåäåëèòå çàâèñèìîñòü Ôåðìè-óðîâíÿ EF îò êîëè÷åñòâà ÷àñòèö â
ÿìå N .

5. Íàéäèòå ìèíèìàëüíîå U0 òàêîå, ÷òî ÷àñòèöà ìàññûm îáëàäàåò ñâÿ-
çàííûì ñîñòÿíèåì â ïîòåíöèàëå:

U (x) =


0, |x| > 2a(

2− |x|
a

)2
V, a < |x| < 2a

−U0, |x| < a

ïðåäïîëàãàÿ, ÷òî V � h̄2/ma2.

6. Â êâàçèêëàññè÷åñêîì ïðèáëèæåíèè, âû÷èñëèòå âåðîÿòíîñòü òóííå-
ëèðîâàíèÿ ÷åðåç ïîòåíöèàë U (x) = −F |x|.

7. Âû÷èñëèòå âåðîÿòíîñòü èîíèçàöèè ÷àñòèöû â îñíîâíîì ñîñòîÿíèè
ìåëêîé ÿìû U0 � h̄2/ma2 ñëàáûì ýëåêòðè÷åñêèì ïîëåì E.
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