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Cdepnueckasg cummeTpus n 6a3uc cpepmieckumx BOJIH

B npmiioxkenusix Hanbosiee 9acTo BCTPEUAIOTCsl ChepuiIeckr CUMMeTpudHble notennuasbl V (r). Kak obbrano, Hagmame cdepu-
9eCKOIl CUMMETPHUM IPUBOJUT K MOSIBJIEHUIO JOIIOJTHUTEILHOIO UHTErPAJIa, JBUXKEHUsST — OPOUTAILHOIO MOMEHTa, IA/Q, Gstaromaps
KOTOPOMY B PEIIeHUN 33Ja49l PACCETHUA MOXKHO IIPOJIBUHYTHCS €IIE YyTh JaJblIle.

Hamowmamm, perienne o01ieit 3a1a4m paccessHUs CBOAUTCH K HAXOXKIEHIIO PEIIeHNs CTarmoHnapHoro ypasuenuns [IIpémnunrepa,
MMEIOIIEro CIEeNUaIbHOIO BUA ACUMITOTHKY HA OOJIBIINX PACCTOSHUSX OT PACCENBATEJIS:
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<—V2 + V(r)) Y(r) = Ed(r), (r) =™ + @e“ﬂ' (1)

(MBI BBIOpaAIM CUCTEMY KOODJIMHAT TaK, YTO NAJAIONas BOJIHA IAJaeT MApAJIIeJbHO ocu z). Kak U3BECTHO, MPOU3BOJILHOE
pelIIeHne TOr0 yPABHEHHsSI MOKHO DPAs3JIOKUTh 10 Gasucy cdepuieckux soan ¢(r) = > %, Zin:_l Vim R (1)Yim (0, ¢). Crour
o6paTuTh BHUMAaHHUE, 9TO KOHKPETHO B 3aJade PACCesHUsl aKCHAJbHAS CAMMETDHsI (110 YIJIy ¢) BCE €IE UMEeeT MECTO, IIOSTOMY
pasnoKeHnst OyJeT WATH TOJBKO M0 cepudecKuM TrapMOHMKaM Yio(f), KOTopble (€ TOYHOCTBIO O KOHCTAHTBI) COBIAJAIOT C
nosmuaomamu Jlexkanapa Py(cos ). Tlosromy o6mumil Buj TAKOro pasJjiorKeHus JIjisl 38189l PACCEAHUS UMEET CJIeYIOIuil BII:

Y(r) = AiP(cos0) Ry(r). (2)

=0

Papuasnbubie Bosnosble dbyHKImME Ry (1) yIOBIETBOPSIOT CJIELYIOMEMY YPABHEHUIO:

I(1+1)

R + 2R + 12 = 2mv () = 2 Rty =0 )

Xkt (T)

CrangapTHOii mogcTaHOBKOH Ry (1) = 3TO ypaBHEHUE CBOIUTCS K oJHOMepHOMY ypasHeHuio IIIpénuarepa B moTenuasie

1(1+1
Vers(r) = 2(m+r2) + V(r); noupaBka K MOTEHIUALY HOCUT HA3BAHUE UEeHMPOLEIHCHO20 NOMEHUUAAA.

CBoboHOE IBUXKEHUE

Crepsa ucciieyeM, KaK PeIIeHHs] 9TOr0 ypaBHEHUsl BeiyT cebs B orcyrcrBuu mnorennuasa V(r) = 0 (3ro obcyxuanocs B 1
ynpaxkaernu 4 cemunapa). Hanpumep, ecim | = 0, TO HeHTPOGEXKHBII TIOTEHIUA OTCYTCTBYET, U PEIIeHNe BBIMUCHIBAETCS] TPH-
(0)

BHAJIBHO: Xko(r) = 2sinkr = R,/ (r) = 2% (koHCTaHTA BBHIOpaHa JJIsi corstacoBanust obosnadenuit ¢ [JLIIL §33 «cdepuueckne
BOJIHBI» ).

st mpousBosibHOrO | 10/CTaHOBKOM Ry (1) = QL\[Y) yPaBHEHHE CBOIUTCH K yPaBHEHUIO Beccesis ¢ IMOIyIebIM HHIEKCOM

I+ %; oOIIMit BUJI, PEIICHUS: R,(g)(r) =4/ 2:’“ JHI/Q(kr Vcnonb3yst u3BecTHYIO acuMIITOTUKY byHKIui Beccesst Ha GoJibImmx

PaCCTOAHUAX, Mbl MOXKEM 3alluCaTh:

0 2 . ml
R,(cl)(r) ~ —sin(kr — —) (4)
kr>1 7 2
1Boob6muie rosopst, dynkmun Beccesist ¢ MOMYIENBIM WHIEKCOM He ABJIOTCa crerndynknusmu. Oynkmuu ji(z) = ,/2—7"2Jl+1 /2(2) HOCAT Ha3BaHHUE

cpepuneckuxr Pynkyul Becceas, M BIPaXKaIOTCs Yepe3 dJIeMeHTapHble (DYHKIUN — CHHYCHI M KOCHHYCBI. B wacTHOCTH,

. sin z . sin z Ccos z
]O(Z) = ) ]1(2) = 2 )
z z z




HecBobonatoe aBuxkKeHue

B 3amade paccesHus HAC MHTEPECYET JIMIIL ACUMITOTUKA BOJHOBON (DyHKIMM Blaju OT paccemBaresd, riae V(r) = 0. Ilosromy
upy 7 — 00 JBUZKEHHE MOXKHO CYMTATh CBOOOIHBIM, W IOJIHAsI BOJHOBas (yHKIWaA Ry (r) saBigerca B obiieM ciydae JUHEHHON
koMmOuuanueit dyuknuu Beccensi u Heitmana. [losromy obmmit Bus perenusi Tounoro ypasuenus llIpénumurepa ma 60sbimmx
PACCTOSTHUSIX MIMEET CJIETYTOIINil BUJT;:

Ri(r) = gsin(kr - %l + &) (5)

r—oo 1

Besmaunbt §; Hocar Hazpanue $azoeuir cdeuzos. OHu onpeesiorcs BUugoM noreanuasia V(r), MOryT 3aBUCETH OT SHEPIUHU U
BCEro OCTaJbHOTO0. Bes Heobxommmast nudOpMAIHS O 33/1a9e PACCesiHUs B 3aJaHHOM MOTEHINAJIE CBOIUTCS JIUIIb K 3TOMY HAOOpy
quceJsI; 4Yepe3d HUX MOKHO BBIPA3UTh aMIJIUTY/Ibl U CEYEHUS PacCedHUsd.

Jloruka manbHeIIero paccy)aeHuns ciemayoriasa. Mbl packaaapiBaeM To4dHOe pertenne ypasaenus [IIpémaunrepa mo 6a3ucy
cdeprudeckux BOJIH . ITo sTomy ke 6a3mCy MBI pacK/aJbIBaeM IPaBYI YacCTh PaBEHCTBA . CpaBHUBas ACUMIITOTHKYU Ha
GECKOHEIHOCTH, CIMTAsI BEJUYUHBI §; U3BECTHBIMU, Mbl T€M CAMBIM CMOYKEM Y€Pe3 HUX BbIPpa3uTh amiuryry f(0) u, B Koneunom
UTOre, U CeYEeHHUE PACCESTHUA 0.

PasJjiokeHune 1mjockoii BOJIHBI

st peasm3anyuy HaAMEIEHHOW CXeMbI, HaM HEOOXOIMMO TTPOBECTU PA3JIOYKEHUE TJIOCKON BOJHBI 110 chEPUIECKUM, TO €CTh HAWTH
Hen3BecTHbIe KO3 DUImeHTs B; B CIeayIONEeM PaBEeHCTBE:

eikz = 6zkr cos 6 ZBIPZ cos 0) iy (7") (6)
=0

HawuGoutee ipoctoii crocob sro cuenarh MoxkHO Hafitu B [JLII, §34 «pasnoxkenne 1mrockoii BosHbI»|. MBI pa3IOKUM JIEBYIO U
[IPABYIO YaCTh B DAL Tefmopa' 3aMeTHM, YTO IIOJMHOMBI JIexKaH/pa, JIJIs KOTOPBIX MOXKHO BOCIIOJIb30BaThCst (hopmystoit Poipura,
umeror By, Py(t) = oy 4 d1(t? = 1)1 = Zln 0 p%l) (mosmmuoM crenenu 1); a mis dbysknuii Becceisist BOCIOIb3yeMcsl U3BECTHBIM
pasioxKeHueM ux B psg. IloiydaeM cieyromiee TOXKIECTBO:

[eS) l o0 I+i4+2m

zkr cos 9 21k —-1)m kr 2

E E B E pg) cos" 0| |4/ — E % — (7)

— r A~ mll(m+1+35)\ 2
= n=0 m=0 2

[IpesiecTh 3TOrO paBeHCTBA B TOM, YTO B IIPABON YaCTHU PABEHCTBA TOJIBKO WiieHbl ¢ 1 = [ u m = 0 Jal0T BKJIaJ B MHOXKHUTEJIb

(r cos 0)1; a ocTasibHBIE UMEOT BU 1" (cos §)™, 1, HOCKOJIBKY B JIEBOH YaCTH TAKUX WIEHOB HET, OHU O0sI3aHBI COKPATHTHCST — KaK

NMEHHO 39TO IIPOUCXOAUT HaC HE€ CHUJIBHO I/IHTepecyeT. CTapH_H/Iﬁ Y9JI€eH IIOJIMHOMOB .He}KaH,apa TO2Ke JOCTAaTOYHO JIEI'KO HU3BJICYb,
O _ @)

HCHONL3Yd BCIO Ty-2Ke dopmyny Poxpura m pasnoxenne B Ommom HproToma; momywaem p;” = PUGIER Haxkomern, neobxommmast
ramma-ynknust umeer sug I'(1+ 2) = /7 (20 + 1) - “(2227?“ Cobupast Bcé BMecTe, Mbl noTydaeM By = 5+ (20 + 1)ei™/2 u rem
CAMBIM PA3JIOXKEHHE TJIOCKON BOJIHBI UMEET CJICIYIONUil BU/I:
1§j % (20 + 1) P (cos )R\ (r) Z i% (2] 4+ 1), (cos 0) sin(kr — ) (8)
— cos e cosf)sin(kr — —
2k — : ko1 ko ! 2

Tem cambiM Taat0IIas BOJIHA B chepudeckoM Oasmce Ha caMOM JIejie PACKJIAIbIBAETCS 0 CYIEPITO3UINN A AI0MIX chepu-
"ecknx BOsH €F7 /r 1 oTpaskénHbIX cdepidaecknx BosH e KT /1.

OcHoBHBIE pe3yabTaThl (Pa30BOIl TEOPUU PACCETHUSA

PacknanpiBas Bce ciaraeMble B oIIpe/iesIeHIN Ha I1a/1al0INe U OTPaKEHHbIe chepPUIeCKne BOJIHDI, UCIOIL3Ysl PA3JI0oKeHUe
u , MBI TIOJIy4YaeM CJieTyIolee paBeHCTBO:

e . ) P [ o o
5% E (20 + 1) Py(cos 0) [e™*" — (—=1)le "] + @e”“ = — E A;Py(cosb) [6_176““”’51 - 6176_””_“5’} 9)
ikr r ir

1=0 =0

. xl
[IpupasauBast K03hMUIHEHTH! IPH HATAIOMIX BOJHAX €~ F" Mbl moayunm: A; = ﬁ(Ql + 1)e'2 e, ITosTomy, nmpupaBHUBasT

Telnepb KO3Cb(bI/II_[I/ICHTbI OpU PaACXOAAINUXCA BOJTHAX, MbI TTOJTY IUM:

o0

f(0 Z (21 4 1) Py(cos 0) (2 — 1) (10)

=0




o s .
Wcronb3yst cBOACTBO OPTOrOHAIBLHOCTH IIOJIUHOMOB JIexKaHapa fo Py(cos )Py (cos @) sin0df = -0;17, MBI MOKEM BBIPA3UTH

Ce€YCeHHNE paCCeAHUA:

2l+1

— A
0:205, o= k2(21+1)sm 0y (11)

Qusnyeckuit cMBICT 3TOH dopmyabl mpocToit. B ciy4dae cdepudeckoit cummeTpun, BKJIAJIBI B BOJTHOBYIO (DYHKITHIO C pa3-
JINYHBIMA | PACCEMBAIOTCsS] HE3ABUCUMO; U TIOJIHOE CEUEHUE PACCEsIHUsI SIBJISIETCSI CYMMOI CedeHUil pacCesiHusi B PA3HBIX KAHAAGL
(BKJIAZIOB ¢ Pa3JIMYHBIME [). DTU KaHAJIbI PACCEAHUS HOCAT ClElUa/lbHbIe Ha3BaHue; B YacTHOCTH, Kanaubl [ = 0, 1,2, 3 HazpiBaoT
COOTBETCTBEHHO $-,p-,d-,f-kamamamu. Tem caMbIiM, KOrjia TOBOPSIT, YTO «PACCESTHUE MPOUCXOJIUT B S-KAHAJIE» — HUMEIOT B BHILLY,
9TO HAMOOJIBIINN BKJIAJ, B IIOJTHOE CEYEHNE PACCEAHUs] BHOCUT MAPIHAJILHOE CEUEHUE 0.

Onrnueckas reopema Vcxons uz dopmyin mist f(0) u 0, MOXKHO 3aMETHTH CJIEyIOIIee HHTEPECHOE TOXKIECTBO:

1 e’} 1 0 k‘
Imf(0 —kgﬂ—kl )(1 — cos28;) = %2254-1 sin? 512?0 (12)

DTO TOXKIECTBO HOCUT HA3BAHUE ONIMUMECKOT MEOPeMbl. XOTs CeIac MbI IPOJEMOHCTPUPOBAJIN €0 Ha TPUMEPE [TOTEHITHAIOB
co cdepuIeckoil CuMMeTpreil, B JeHCTBUTEILHOCTH YK€ OHO HOCHT COBEPIITEHHO OOIMi XapakTep W paboTaeT B MPOM3BOJILHBIX
norennuanax. OHO sIBJIsIeTCsI CII€CTBIEM CBOficTBa yrumaprocmu, cvorpu [JLII §125, «yciaoBre yHUTAPHOCTH JJTIsl PACCESTHUST> |.

O6paTuM BHUMaHHUE, YTO €CJU BOCIOJIL30BaThCs (HopMysioii Bopra, To B mepBoM mopsjike Teopuu Bosmymienuii f(0) =
— 5 f V(r)dr upencrabisier coboil YUCTO BEIIECTBEHHYIO BeJnduHy. MHUMOCTD IOSBJSETCs JIAIIb BO BTOPOM IIODPSIJIKE TEO-
pUA BO3MYIIECHUIT, B TO BpeMd KaK JJIS BBIUUCJICHNAS IIPABOA YaCT! AOCTATOYHO aMIUIUTYAbI PACCEAHNA B IEPBOM IIOPAJKE; TEM
caMbIM, OIITAYECKas TeopeMa [ijist (popmysasl bopHa He JaéT HUKAKUAX IIPEUMYIIECTB.

KBasukJiaccuka

OjnH U3 crrocoboOB HAXOXKIeHUsT (DA30BBIX CIBUTOB — 3710 Meron WKB, mim ke MeTos KBA3UKJIACCUKY, KOTOPBIH TPEKPACHO pa-
6oTaeT B IOBOJILHO IIMPOKOM KJiacce 3aJad. JleiicTBUTEIbHO, IOCKOJILKY PaAUabHble BOJHOBbIE DYyHKIMU Xk (1) YAOBIETBOPAIOT

onuoMeproMy ypasrenuio IIpéaunrepa B norenrmmane Vesr(r) = V(r) + 12(5:712), JUIST HUX MOKHO Cpa3y 3allucaTh KBa3UKJIACCH-
yecKoe pelleHue:
" (l+1 T
Xk (1) & sin / dr\/k2 _le+y —Z ) _ 2mV (r) + 1] (13)
T0 r

Touxka 1 sBISETCS KBA3UKJIACCUIECKON TOUKON OCTAHOBKHM, Tak 4T0 I = V¢ (rg). Tem cambIM, MOXKHO Cpa3y 2Ke 3aIICaTh
BBIPaXKEHHE JIJIsI BA30BLIX CJIBUIOB:

e (1+1) wl o«
= 2_ 7 _ 2 — — — — 14
8 /TO dr \/k 3 mV (r) —k kro + 5 + 1 (14)

Obparum BHUMaHUe Ha ciaepyiomuii dpakt. [Tycrs Mbl paccMaTpuBaeM paccesiiue ObICTPBIX YACTHUIL HA MOTEHINAE KOHETHOTO
pamuyca ~ a, Tak 910 ka > 1. Eciu Obl HUKaKOro paccemBaTesis He OBbLIO, TO KBA3UKJIACCUIECKON TOYKON OCTAHOBKH OBLIa ObI
k2 = (lH) = kro~ (I+ %) Ecmu momydennas ToIKa OCTAHOBKH Tg > @, TO YACTHUIILI C TAKUMHU | He OYIyT Jaske JOJETATH 0
paCCGI/IBaTeJ'ISI u (pas30Bbie CABUIU OYJIyT IKCIOHEHIIUAJBHO IIOIABJIEHBI. 1€M CaMbIM MBI 3aKJIFOYaEM, 9TO pacCesiHue Ha ObICTPBIX
SHEPIUsAX MPOUCXOUT NPEUMYIIECTBEHHO B KaHasax ¢ [+ 35 1 < ka (B gacTHOCTH, Ta JKe apryMEHTAIUA ITOKA3BIBACT, YTO ME/JICHHDIC
qacTtuilbl ka < 1 paccemBaioTcs JUINL B S-KaHaje | = O7 9TOT ke (PaKT JeMOHCTPUPOBAJICS Ha mpuMmepe ¢opmysibl BopHa,
U, KaK y2Ke ObLIO CKa3aHO paHee, OH HOCUT COBepIIeHHO obmuii xapakrep). JlanHoe yTBep:KieHUE sIBJIAETCS TPUBUAILHBIM B
KJtaccu4aeckoit pusmnke: Bellb OpOUTANBHBIH MOMeHT L = Al = hk - p, rie p — NpuUIebHBIH TapaMeTp; IO9TOMY 9TO YTBEPXKIeHUe
MOKA3bIBAET JIUIIIb, YTO p < @, UTO B KJIACCHUYECKON (DU3MKE COBEPIIEHHO OYEBUTHO.

Eciau norennmadn |V (r)| < E, T0 BbIpakeHue Jist §; MOKHO Pa3JI0KUTh (IIPH 9TOM BCe «JIUNIHNe (asbl» CHAPYXKU MHTerpasa
00s13aHbI COKPATUTHCST — TIOCKOJIBbKY 1ipu V(1) = 0, 6, = 0):

/ ar— V) (15)

/12 _ 104D
7’2



IIpumepnl pemmenns 3aaa9

Samaua 1

JasaiiTe pacCMOTPUM paccesiHAe MeJJIEHHBIX TaCTHI| Ha TBEPIOM mmape pajgnyca a (ka < 1), onmuchBaeMOM CJIIYIONUM TIOTEH-
IIAAJIOM:

0o, r<a

Ur) =
() 0, r>a

PaccesiHre IPOMCXO/IUT B S-KaHaJle, N TOYHOE pelenne ypasHenusi IIIpéauarepa B s-KaHase 3alUChIBACTCS COMTIACHO Xo(r) =
sin(k(r — a)). Tem cambiM Ga30BbIil caABUT UMeeT BHUI Oy, a CEYCHUE PACCESHUS PABHO:
4
_ .2 2
09 = 15 sin (ka) =~ 4ma

Jlammoe cevenne OKa3BIBACTCS POBHO B 4 paza GONBbITE KIACCHIECKOTO CEUeHHUs PACCESHUS Ta; 3TO sABJIAETCS CIEICTBHEM
BOJTHOBOM TTPUPOJIBI YACTHUIL U AUPPAKITHOHHBIMEI P deKTaMu.

Samaua 2

Jpyrum npuMepoMm 3a1a4u, KOTOPasi TPUBUAJIBHO PENIaeTcs IPHU IOMOINH (pa30BOil TEOPUH PACCESHIS, SIBJISAETC 3a/1a49a pacces-

Husl Ha noternuaste U(r) = % (st iponsBosIbHOTO Napamerpa (). JleficTBUTEIbHO, B TAKOM ciydae 3K TUBHBIH ITOTEeHIIAI

_ BHI4Y) _ lepsUleps+1)
- 2mr2z2 — 2mr2

npaje BhIpaXKaeTcsa depes Te e cdepudeckue dynkiun Beccens i, (7
CJIBUTOB MMEET CJICJIYIONINI BU/T:

nmeet Bux Veyr(r) yTae lepr = (l + %)2 + B — %; pemtenue ypasuenus [1Ipéaunrepa B TaKOM MOTEH-
);

n TeM CaMbIM, MOYHO€E€ BbIPpazKeHue JIJjIsd (baSOBbIX

2
s T 1 1
or=—5lefr—1)=—5 I+5) +8— {1+ 16
MozkHO mccieoBaTh ¢as3bl paccesiHusi B ciydae cjaaboro norennuaia 3 < 1. Ilpu stom §; ~ —g 7 f T < 1, u napuuaJbHbIE
2
32
CedeHns pacCesiHUs PABHBI 0] = %l—% x %; a 3HAYUT, IOJTHOE CEYEHUNE 0 = Z?io 0] PACXOIUTCH.
2
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